The Euler equations for inviscid incompressble flow are hyperbolicelliptic equations in terms of primitive variables velocity and pressure. Numerical solutions for the Euler equations can be generally classified under primitive variables, and non-primitive variables formulations. The non-primitive variables formulation defines new dependent variables to resolve numerical difficulties in solutions of the primitive variables equations. For example, using vorticity as a dependent variable several techniques have been developed suitable for numerical solutions such as the stream function-vorticity, the velocity-vorticity, etc.
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The Euler equations for inviscid incompressble flow are hyperbolicelliptic equations in terms of primitive variables velocity and pressure. Numerical solutions for the Euler equations can be generally classified under primitive variables, and non-primitive variables formulations. The non-primitive variables formulation defines new dependent variables to resolve numerical difficulties in solutions of the primitive variables equations. For example, using vorticity as a dependent variable several techniques have been developed suitable for numerical solutions such as the stream function-vorticity, the velocity-vorticity, etc.
This article addresses two non-primitive variables formulations namely the Clebsch [1] , and the Impulse density [2] [3] [4] [5] [6] [7] formulations. The objective is to compare the two formulations to identify similarities, advantages/ or disadvantages relative to each other, and relative to the vorticity based formulations. The Clebsch formulation decomposes the velocity vector into a rotational (non-zero Curl) and a non-rotational (gradient of a potential function) velocity components. The rotational component is modeled by two functions that are governed by Lagrangian equations derived from the momentum equation. By substitution into the continuity equation, a Poisson equation for the potential function is obtained. On the other hand, the Impulse density formulations define a new time dependent variable that consists of two components, the first is a divergence free (the velocity vector itself), and the second component is a curl free (gradient of a potential function). Upon substitution into the continuity equation, similar to the Clebsch formulation, a Poisons equation is obtained for the potential function. And, the momentum equation transforms into a hyperbolic first order equation with arbitrary gauge function. The arbitrary choice of the gauge function has advantages, over vorticity based formulations, in designing efficient/or accurate numerical methods for solutions of the Euler equations.
The Euler Equations for Incompressible flow:
Where u is the velocity vector and p is the static pressure.
The Clebsch formulation:
The velocity vector is decomposed into a rotational velocity component Q and a potential component φ,
The rotational component Q is molded by two functions λ and μ
Taking the curl of equation (3), we obtain:
The momentum equation reduces to
Dt (μ ) = 0
Where Dt = ∂t + u · (8)
Substituting equation (3) into equation (2), one obtains:
The Impulse density formulation:
Where q is the Impulse density. By substituting equation (10) into equation (1) The potential equation (9) is also applicable here with Q being replaced by q.
By comparing equations (10) and (3), the Impulse density vector q corresponds to the rotational velocity component Q, and the potential component in equation (10) corresponds to the potential component in equation (3) . In references [2] and [3] , it is shown that the vortex lines are orthogonal to the material surface represented by the Impulse density vector q. Similarly, in the Clebsch formulation, the vortex lines are obliviously orthogonal to the rotational velocity component, see equations (4) and (5).
In conclusion, interesting similarities between the Clebsch and the Impulse density formulations are pointed out. Both formulations represent the velocity vector by two components governed by hyperbolic and elliptic equations. The difference between the two formulations is the arbitrary gauge function of the Impulse density formulation that can be employed for designing efficient or accurate numerical methods. An important feature that is unique to both the Clebsch and the Impulse density relative to the vorticity based formulations is that the velocity components are time dependent even for steady state solutions. Finally, the number of dependent variables in the Clebsch formulation is three governed by equations (6), (7), and (9), for two-and three-dimensions. And the number of dependent variables in the Impulse density formulation changes from three in two-dimensions to four in three-dimensions, equations (9) and (11).
